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x = k ·
ln 2
214
+ r + xl + τ
k = 214 ·M + 27 · i1 + i2
¹h3lŁl
i1, i2 ∈ N ∩
[




























k = btc ⇔ k ∈ N
Þ<åºà<Ü-ãà





















p(r) = r +
1
2
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c← 〈a · b + 0〉
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c + d = a · b
ﬃ
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c + d = a + b
ﬃ



























































x ∈ {a, b}∧







x ∈ {b, a}∧
¬∃x′ ∈ {b, a}. |x′| > |x|
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t3 ← t2 	 c
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c + d = a + b
ﬃ


























































































p(x) = x +
1
2
















|ex − 1− p(x)| < 2−123
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|r| < ln2215
ﬃﬀm




































98ﬃ: 4"	 " & 
( 	ﬁﬀ  (ﬂﬃ !		#"$





98  ﬃ: 4"10 &2	 " ( 	 3	#"$(ﬂﬃ !








−k · ll + 0
〉









ﬃ: #">	ﬁ?	 " &29	ﬁﬀ(=9	&;
# ﬃﬂ * ﬃ! #"	ﬁ?	 &2	?	 " (@9
ﬁﬀﬂﬀﬃ! #" 
	ﬁﬀ'&A	ﬁ?	(=	ﬁ?	ﬀ
















































































































rh + rl =
(


































































































1 + r + 12r















































h+rl = erˆ·(1+) = erˆ · erˆ = erˆ ·
(
1 + rˆ +
1
2
rˆ22 + . . .
)
}w|tusjy
ξ = rˆ +
1
2












h+rl = erˆ · (1 + ξ)
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|ξ| = |rˆ| · || ·
∣∣∣∣1 + 12 rˆ +
1
6
rˆ22 . . .
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rh + rl = −k · lh + x− k · ll + k · ll · 




+ k · ll · 






+ k · ll · 
= x− k ·
ln 2
214

















|ll| < |lh| · 2−64 ≈ ln 2214 · 2
−64 < 2−80
¸.gfhRW
|∆| < |k · δ + k · ll · |
< |k · δ|+ |k · ll · |


















































































































































+ (a5 + (a6 + a7 · x) · x) · x
)
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ph + pl = p(x) + ∆
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z1 ← 〈a7 · x + a6〉
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z2 ← 〈z1 · x + a5〉
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zl11 · x + z13
〉
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3 = (a5 + (a6 + a7x) x) x + ∆1


























3 = x · ((a7x + a6) (1 + 1) + a5) · (1 + 2)
= . . .











−64 ~sW |2| < 2
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· 2−64| < 3 · |ah4 + z
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11 · x + z
h
11 · x · 2








z12 + z14 = z12 +
(
zl11 · x + z13
)
(1 + 1)
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15 · 1 +








15 · 2 +
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∣∣∣∣12 · zl11 +
1
2
· zh11 · 2
−64








z23 + z25 = z23 +
(
zl11 · h + z24
)
(1 + 1)
















|h · zl11 · 1| < 2
−160











DºÔ  ¾¥% $  
 aIﬂ%
 ﬁ
 ﬂ ﬁ ﬁ	Iﬃ% 	 
$#  -ﬂ%,
  a ﬃﬀ -Lﬀﬂ%
























































































































































































DºÔ  ¾¥%  [  
 a ﬁﬁ ﬁﬁ	" ﬃ





























































































· 2−64| < |zh33 · 2





























































































































ph/l = x + z
h/l
33 + ∆8




21 + ∆7 + ∆8






9 + ∆5 + ∆6 + ∆7 + ∆8





















+∆5 + ∆6 + ∆7 + ∆8
= . . .
= x + h · x2 +
(




4 + δ1 + ((a5 + δ2) + ((a6 + δ3)
+ (a7 + δ4) · x) · x) · x + ∆1 + ∆2)























4 + δ1 + (a5 + δ2 + (a6 + δ3 + (a7 + δ4) x) x) x + ∆1 + ∆2
)
+
























|∆9| = |f (δ1, δ2, . . .) | < 2












4 + (a5 + (a6 + a7x) x) x
)
+
+ x3∆1 + x
3∆2 + ∆4∆1 + ∆4∆2 + ∆5 + ∆6 + ∆7 + ∆8 + ∆9










∆ = x3∆1 + x
















∆ = x3∆1 + x






















|∆| < 2−90 · 2−82 + 2−90 · 2−130 + 2−173 · 2−82 +
+ 2−173 + 2−159 + 2−158 + 2−142 + 2−180
< 2−141
!#"





i1 ∈ {0, ..., 127}
ﬃﬀm
i2 ∈ {0, ..., 127}
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 |tlj | < |t
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j | · 2
−64







|δj | < 2
−128
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27 · δ2 + 2
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pl · th + v5
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tl · ph + v6
〉
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v9 ← vl8 ⊕ v7
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|vh1 | ≈ |x











|vh3 | > |t
h|
|vh4 | ≈ |p











|vh8 | > |v
h
3 | > |t
h|
|v13| ≈ |v9 + v15|
≈ |vl8 + v7 + v15|
< |vh8 | · 2
−64 + |v7|+ |v15|
≈ |vh3 + v
h
4 | · 2









< |vh3 | · 2
−64 + |vh4 | · 2
−64 + |th · ph| · 2−64 + |v6|+ |v
h
3 | · 2
−64 + |v2|
≈ . . .
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 sh + sl = vh8 + v13
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sh + sl = vh8 + v13









· (1 + 3)
)
(1 + 1)
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= vh8 + v
l






8 + v72 + v
l
33 + v23 + v
l
81 + v71 + v
l
812 + v712 + v
l
31 +




sh + sl = vh3 + v
h
4 + v7 + v2 + v
l
3 + ∆1
= th + vh1 + v
h
4 + v7 + v2 + ∆1
= th + vh1 + v
h




(1 + 4) + ∆1
= . . .


















· (1 + 5) + ∆2
= . . .
= th + tl + xlth + vh4 + t
lph + thpl + v5 + ∆3
¹tu|¨h
∆3 = p
lth6 + v56 + t
lph5 + p
lth5 + v55 + p
lth56 + v556 + ∆2
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sh + sl = th + tl + xlth + vh4 + t






· (1 + 7) + ∆3
= . . .
= th + tl + xlth + thph + tlph + thpl + xlvh4 + ∆4
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∆4 = x





sh + sl = th + tl + xlth + thph + tlph + thpl + xlphth (1 + 8) + ∆4
= . . .






sh + sl = th + tl + xlth + thph + tlph + thpl + xlphth + xlplth + xltl + tlpl +



















|j | < 2−64
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|∆| < |xlplth|+ |xltl|+ |tlpl|+ |tlxlph|+


































|∆| < 2−157 + 2−142 + 2−142 + 2−157 + 2−221 + 2−157 + 2−157 +
+ 2−142 + 2−142 + 2−141 + 2−142 + +2−142 + 2−206 + 2−127 + 2−206 +
+ 2−126 + 2−140 + 2−126 + 2−126 + 2−126 + 2−140 + 2−190 +
+ 2−204 + 2−126 + 2−126 + 2−190 + 2−190
= 6 · 2−126 + 2−127 + . . . < 2−123





































2M 7 M ∈ N
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|res| ≈ |sh · 2M + sl2M | > 2
−1022
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sh/l = th/l ·
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ﬁ | < 2 · 2−118 = 2−117
~zs3txk«tuv~Łvu43txsjy7|¨h3lwzŁlkÃm¸ !¹l#yzl|











 | < |∆ 
	    |+ |∆ 











| < 2−123 + 2−123 + 2 · 2−123 < 2−121
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|x| ≥ 2−30 7
ﬂ A
 < 2−53−59 = 2−112 7















|x| < 2−30 7
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sh = 2k · 1.x1x2x3 . . . xn−1100000000000


























































































































2−53 < |x| < 2−30
¹ºl}h3~@¼zl














1x1x2 . . . xj0  ︸ ︷︷ ︸
≤
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ph = 1.x1x2 . . . xj10 . . . 0
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710 < x < 1000
½±w-¼zl>ŁÐWw-¹}À Æm  mzz
−745 < x < 709
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−1000 < x < −750
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x3 + x4 · (a5 + x · (a6 + a7x))
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z5 ← 〈a7 · x + a6〉
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z7 ← z4 ⊗ z6
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z25 ← z14 ⊕ z22
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z27 ← z25 ⊕ z26
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z2 + z21 = a
h
4 · x
z3 + z8 = z2 · z1
z15 + z17 = x + z13
z18 + z20 = z15 + z3










+ a5 · x
4 + a6 · x
5 + a7 · x
6 + ∆
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+ z1z1z69 + z4z68 + z77 + z127 + z86 + z116 + z235 + z245 +




































































































































xl · th + tl
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th · pl + u2
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u1 · xl + u5
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∆ = −tlpl − tlxl − thplxl − tlphxl − tlplxl + tlph8 + t
hphxl7 + u1x
l6 +
+ xlth5 + t
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